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Abstract 

In refs. ||l|, ^ it was demonstrated that the total cross section of the scattering 
of two hght particles (zero modes of the Kaluza-Klein tower) in the six-dimensional 
model differs significantly from the cross section of the same process in the 
conventional Xcf)'^ theory in four space-time dimensions even for the energies below 
the threshold of the first heavy particle. Here the analytical structure of the cross 
section in the same model with torus compactification for arbitrary radii of the two- 
dimensional torus is studied. Further amplification of the total cross section due to 
interaction of the scalar field with constant background Abelian gauge potential in 
the space of extra dimensions is shown. 







1 Introduction 



There are quite a few effects in quantum field theory due to boundaries or non-trivial 
spacetime topology. Topological mass generation and the Casimir effect are beautiful and 
simple manifestations of them (see for example 0-0). Theories at non-zero temperature, 
which are equivalent to those with the time dimension being curled up to the circle with 
the radius (temperature)"^, give another physically interesting example of such effects 
(see i). 

Scattering of particles in theories on the spacetime with non-trivial topology was 
studied in ref. [Q, and [Q. There a simple model of one scalar field (f) with quartic 
self-interaction on the spacetime of the type M" x where is the n-dimensional 
Minkowski spacetime and A' is a two-dimensional compact space, was analyzed. As it is 
well known, such a model can be re-written as an effective model on M" with an infinite 
number of fields ipN-, where is a multi- index labelling the eigenfunctions of the Laplace 
operator /S.k on the manifold K. These fields have rising spectrum of masses given by 
the formula of the type = m? + N"^ / L'^^ where m is the mass of the original (n + 2)- 
dimensional model and L is a characteristic size of the space K. Often the fields 0Ar are 
referred to as Kaluza-Klein modes and the infinite set of them is called the Kaluza-Klein 
tower of modes. For the problems of physical interest Lm -C 1, so the mode with the 
mass m is called the light mode or zero mode, the rest are refered to as heavy modes. It 
is worth to note that in the case of models with non-zero temperature T in the Euclidean 
time formalism the spacetime is described by x 5*^. Then the scale L is the radius of 

equal to and the modes are labelled just by one integer ranging from — oo to 
+00 and are usually called Matsubara modes. 

The object of our study here is the total cross section of the scattering process (2 light 
particles) (2 light particles). As one can easily see, in this model the heavy modes do 
not contribute at the tree level. Thus, there is no difference between the cross section 0"*^°°-', 
calculated in the model described above, and the cross section a^^^ , calculated in the model 
on the spacetime M" (with the same mass m and corresponding coupling constants). It 
is the one loop order where effects due to the non-trivial topology of the spacetime come 
into play. It appears that because of contributions of virtual heavy particles propagating 
along the loop the cross section has a behaviour which differs significantly from that of a'-''-* 
even for energies of scattering particles noticeably below the threshold of the first heavy 
particle. We should note that in models of another type heavy modes can contribute 
already at the tree level, what makes the effect stronger. Examples of such models appear 
in the superstring theory with certain orbifold compactifications. Physical predictions for 
some realistic processes and estimates on the size of L were obtained in [|TOl . 

The cases n = 2, K = and n = 4, K = T^, where = x is the two- 
dimensional equilateral torus with the radius L, with periodic boundary conditions were 
considered in ref. and ref. respectively. A detailed analysis of the case of the 
spherical compactification, namely n = 4, K = S"^, with L being the radius of the 
sphere, was carried out in ref. There it was also shown, that in the interval of the 
centre of mass energies ^/s of the particles below the threshold of the first heavy mode. 
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the contribution of the Kaluza-Klein tower to the total cross section of the scattering is 
essentially proportional to C,{2\K){sL'^) ^ where C,{2\K) is the zeta function of the Laplace 
operator on the manifold K. This is the way the topology of the spacetime enters into 
the characteristic of the high energy process. 

The calculations of the total cross section for n = 4 are of physical interest because in 
that case the model, in spite of its simplicity, mimics some essential features of Kaluza- 
Klein type extensions of physical models, for example of the Standard Model. One might 
think of this type of extensions as low energy effective theories emerging, for example, 
from superstrings. Provided we are considering a realistic model and the scale is of the 
order of a few TeV (see below), the effect can be (in principle) measured experimentally 
at future colliders. This could yield evidence about the validity of the Kaluza-Klein 
hypothesis within a given model. 

Two important comments are in order here. The first one is, that the scalar model 
in more than four dimensions, which is considered in []T| and and which is the object 
of the analysis in the present article, is non-renormalizable. In the formalism used here 
this reveals in an additional divergence of the sum over one-loop diagrams with heavy 
modes propagating along the loop which contribute to the four-point Green function or 
the scattering amplitude. Since the model is regarded as a low energy effective theory 
coming from a more fundamental theory, we do not consider the non-renormalizability to 
be a principle obstacle. However, an additional prescription must be imposed to treat this 
additional divergence. We choose it, as we believe, in a physically acceptable way so as to 
make the difference between the six dimensional model and the four dimensional one at 
the scale of the four dimensional physics (i.e. at the energies of the order of m or smaller) 
as small as possible. If the prescription had been imposed in some other way, then the 
difference between the models would have been a low energy effect and could be observed 
immediately. This would rule out the six-dimensional model from the very beginning. It is 
worth mentioning that the six-dimensional models, considered here, possess an additional 
property which makes their analysis more interesting: the one-loop non-renormalizable 
contributions to the total cross section of the two particle scattering process cancel out 
on the mass shell when the s-, t- and w-channels are summed up. Thus, we avoid the 
additional ambiguity due to non-renormalizability in our calculations. 

The second comment is related to the magnitude of the scale L, characterizing new 
physics due to non-trivial topology of the original model. In accordance with an analog 
of the decoupling theorem for this class of theories the effect naturally disappears if 
the scale is too large compared to the mass m. In many approaches the scale of the 
compactification L is assumed to be (or appears to be) of the order of the inverse Planck 
mass Mpl (see, for example, |]12| and the reviews [|13|)- In this case additional dimensions 
could reveal themselves only as peculiar gravitational effects or at an early stage of the 
evolution of the Universe. On the other hand, there are some arguments in favour of a 
larger compactification scale. One of them comes from Kaluza-Klein cosmology and stems 
from the fact that the density of heavy Kaluza-Klein particles cannot be too large, in order 



not to exceed the critical density of the Universe. Estimates obtained in ref. |14] give the 



bound L ^ < 10^ GeV. Other arguments are related to results of papers |T3 and suggest 
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that the compactification scale should be of the order of the supersymmetry breaking 
scale MsusY ~ (1 10) TeV . No natural mechanism providing compactification of the 
space of extra dimensions with such a scale is known so far. Having the above mentioned 
arguments in mind we would like to study physical consequences in a multidimensional 
model assuming that a compactification of this kind is indeed possible. 

In the present article we continue the analysis of the model described above in the case 
of the spacetime x T^. The aim is twofold. First we carry out a more careful study of 
analytical properties of the one-loop amplitude for positive and negative using the well 
developed machinery of zeta functions of the torus (see for example @, P). The analysis 
will be extended to the case of the non-equilateral torus and antiperiodic boundary condi- 
tions. The second aim is to consider an extension of the model by coupling the scalar field 
minimally to a constant Abelian gauge potential on the torus. Due to the non-trivial 
topology the constant components Am cannot be removed by gauge transformations and 
are physical parameters of the theory. We will show that the presence of such classical 
gauge potential gives rise to an increase of the cross section of the scattering of light 
particles for certain regions of energies. 

The paper is organized as follows. In Sect. 2 we describe the model, choose the 
renormalization condition and discuss the general structure of the 1-loop result for the 
four-point Green function and the total cross section. In Sect. 3 detailed representations 
for the sum of contributions of the Kaluza-Klein modes are derived. Behaviour of the total 
cross section is analyzed in Sect. 4. Sect. 5 is devoted to the analysis of the scattering 
cross section in the model with abelian gauge potential. Conclusions and some discussion 
of the results are presented in Sect. 6. 

2 Description of the model, mode expansion and renor- 
malization 



We consider a one component scalar field on the (4+2)-dimensional manifold E = M^xT^, 
where is the Minkowski space-time and is the two-dimensional torus of the radii 
Li and L2. In spite of its simplicity this model captures some interesting features of both 
the classical and quantum properties of multidimensional theories. The action is given by 



S= f (fx(fy 
Je 



1 d(j){x,y) 2 ^d^ix,y)d^{x,y) 1 2,2/ n ^,4/ n 



where x^, /i = 0, 1, 2, 3, are the coordinates on M^, y^ and y"^ are the coordinates on T^, 
< y^ < 27rLi, < y"^ < 271L2 and the field y) satisfies periodic boundary conditions 
on the torus. To re-interpret this model in four-dimensional terms we make an expansion 
of the field y), 

cP{x,y) = J2Mx)yN{y), (2) 



N 
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where = (721,722), —00 < Ui < 00 and ¥^{1/) are the eigenfunctions of the Laplace 
operator on the internal space. 



{ni,n2) 



27rvX]X2 



exp 



(3) 



Substituting this expansion into the action and integrating over ?/, one obtains 



S 




+ E 



Knl(t)l{x) - ^(t)o{x) 



- Ml<j)*^{x)<j)N{x) 



inti 



(4) 



Af>0 



where the four-dimensional coupling constant Ai is related to the multidimensional one 
A by Ai = \/\olume{T'^). In eq. (Q) the term S[^f. includes vertices containing third 
and fourth powers of 0Ar with A^^ > 0. We see that the model contains one real scalar 
field = (f)(Qfi){x) describing a light particle of mass mo, and an infinite set ("tower") 
of massive complex fields (f)N{x) corresponding to heavy particles, or pyrgons, of masses 
given by 



(5) 



Let us consider the 4-point Green function T^°°^ with external legs corresponding to 
the light particles (p. The index {00) indicates that the whole Kaluza-Klein tower of modes 
is taken into account. 

It is easy to see that the tree level contribution is the same as in the dimensionally 
reduced theory whose action is given by the first line in eq. (|). At the one-loop level, ow- 
ing to the infinite sum of diagrams, the Green function to one-loop order is quadratically 
divergent. This is certainly a reflection of the fact that the original theory is actually 
six- dimensional and, therefore, non-renormalizable. Thus, the divergencies cannot be 
removed by renormalization of the coupling constant alone. We must also add a countert- 
erm A2B0^(a;, ?/)n(4+rf)0^(x, y), where 0(4+^) is the D'Alembertian on E and A2B has mass 
dimension two. Of course, for the calculation of other Green functions, or higher-order 
loop corrections, other types of counterterms, which are not discussed here, are necessary. 
Hence, the Lagrangian we will use for our investigation is 



,(900 (a;) 



dx 



+ 



E 

N>0 
AlB 



X] 



2 

^n[x 



X 



dx^^ dx 



- M^^(P*^{x)(Pn{x) 



A 



X) — 



(Poi^) E 0^(a;)0iv(x) - '-^(pl{x)Dcf>l{x 



N>0 



4! 



(6) 
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where Ai^ and X2B are bare coupling constants. To regularize the four- dimensional inte- 
grals we will employ dimensional regularization, which is performed, as usual, by making 
analytical continuation of the integrals to (4 — 2e) dimensions, k will be a mass scale set 
up by the regularization procedure. The sum over the Kaluza-Klein tower of modes will 
be regularized by means of the zeta function technique |T6 |. 

The renormalization scheme is chosen in the same way as in ref. [|l|, 0. Let us refer 
the reader to those articles for details and present here only the main formulas which we 
will need for our calculations. 

As subtraction point we choose the following point in the space of invariant variables 
built up out of the external four-momenta (i = 1, 2, 3, 4) of the scattering particles: 



pI- 

P12 



pI 



-pI 

pIs 



m, 



0; 



t 



/^?, Pu = u 



2 



(7) 



where plj = {pi + pj)^, (j = 2,3,4), and s, t and u are the Mandelstam variables. 
Since the subtraction point is located on the mass shell, it satisfies the standard relation 
fJ'l + fJ-t + fJ-u = 4:mQ. The renormalization prescriptions for the 4-point Green function are 
as follows 



r(°°)(Pi mo, Li, L2, XiB, A2B, e) = ^^^^plp fUo, X'ib, e) 



s.p. 



d 



dPi2 



+ 



d 

dpi3 



+ 



d 



dpi4 



p(oo) 






s.p. 



d 



dpi2 



+ 



d 



dpn 



+ 



d 



dpi4 



r(o) 



s.p. 



_ 



■2+2e 



(9) 



Here T^'^^ is the four-point Green function of the four-dimensional theory with the zero 
mode field only (i.e., the dimensionally reduced theory), A'^^ being its bare coupling 
constant. In the first line we have written down the dependence of the Green functions 
on the momentum arguments and parameters of the theory explicitly, and we have taken 
into account that to one- loop order they depend on PI2, P13, and only. The label s.p. 
means that the corresponding quantities are taken at the subtraction point (|7p. g and A2 
are renormalized coupling constants. The last one is included for the sake of generality 
only, and we will see that our result does not depend on it. More detailed discussion of 
the renormalization prescriptions @, can be found in 0. 

To one-loop order, the Green functions of the complete theory and of the theory with 
only the zero mode are given by 



T^°°\pIj; mo, Li, L2, Xib, X2B, e) 



AiB + A 



2B- 



P?2+Pl3±Z!i 
12 



rW(p2^.;mo,A; 



IB) 



+ XlslKoiplj; mo, e) + AKipjy, mo, Li, L2, e)], (10) 
e) = Kb + ^iB^oiplpmo^e). 



Here 



Koiplj;mo,e) 



Km{p 



2 2 \ 



AK{p 



ij;mo. 



2, ' 



E KNiPi, 

N>0 



2 -M^ 



(11) 
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and Km is the contribution of the mode (pN with the mass Mat (see eq. (||)) to the one- loop 
diagram of the scattering of two hght particles, 



KN{pl.]Ml,e) 



327r4 Mf 



/f4^,e) + /(|i^,e)+/(4^,e) 



'Ml 



(12) 



Here we assume that A2S ~ Af^, so that the one loop diagrams proportional to AibA2_b 
or A|g can be neglected. It can be shown that this hypothesis is consistent (see ref. |rT|). 
As it stands, the function Ai^is well defined for 3?e > 1, the sum being convergent for 
this case. We will need, however, its value at e = where it has to be understood as the 
analytical continuation of (pH]). The same remark holds for all expressions of a similar 
type appearing in the following. The function I in the formula above is the standard 
one-loop integral 



Jo 



Let us also introduce the sum of the one-loop integrals over all Kaluza-Klein modes 



(13) 



1 



AI{p'^Lj,moLi,w,e) = J2^t2aj 

N>0 ^l-^^^N 



2 nj2 I 



p'- 



(14) 



so that 



AK{plj;mo,Li,L2,e) 



—I 



327r4' 

AI{pI^LI, moLi, w, e) + AI{pj^Ll, uiqLi, w, e] 



(15) 



Here we denote w = {L1/L2Y. Performing the renormalization, we obtain the following 
expression for the renormalized four-point Green function 



-.(oo) 
R 



^;/i|Li;moLi,w,5(, A2 



JimK ^T(~) (^p?^;mo,Li,L2,Aiij(5(,A2), A2b(5',A2) , e) 



lim {g + \2 



12^2 



+ fl'^'t^' [^oiplj] rriQ, e) - Ko{fif, mo, e) 

+ AK{pIj; mo, Li, L2, e) - AK^Jj] mo, Li, L2, e) 



Z]t=2 Pli 



,,2 _ ,,2 _ , 2 4 

H's n H-u 



d 



^-^-^^iPij'^ "^0, Li, L2, e) 
j=2 (jPij 



s.p. 



(16) 



where we denote = /i^, /i| = fif and = /i^. The r.h.s. of this expression is regular 
in e, and after calculating the integrals and the sums over = (^1,712) in AK we take 
the limit e — 0. 

The above expression is rather general and valid for an arbitrary subtraction point. 
For the four-point Green function of the complete theory (i.e. with all the Kaluza-Klein 
modes) renormalized according to the conditions (|]) and (|^) at the subtraction point (|^, 
and taken at a momentum point which lies on the mass shell of the light particle 

-p(oo)/ S t U 2t2 2t2 2t2 t \ 

f^s l^t f^u 

= 9 + 9'^ limK^'[i^'o(s,t,M;mo,e) - Koifil, fif, ijl;mo, e) 

+AK{s, t, u; mo, Li, L2, e) - AKifij, fif, nl; mo, Li, L2, e)]. (17) 

The variables s, t and u are not independent, since they satisfy the well known Mandelstam 
relation s + t + u = Aitlq . 

The formula above is rather remarkable. It turns out that on the mass shell, due to 
cancellations between the s-, t- and w-channels, the contribution proportional to A2 and 
the terms containing derivatives of the one-loop integrals vanish. Thus, heavy Kaluza- 
Klein modes contribute to the renormalized Green function on the mass shell in exactly 
the same way as the light particle in the dimensionally reduced theory does. Indeed, it 
can be easily checked that the additional non-renormalized divergences, arising from the 
infinite summation in AK, cancel among themselves when the three scattering channels 
are summed up together. 

Next we calculate the total cross section a^°°\s) of the scattering process (2 light 
particles) — > (2 light particles), in the case when the whole Kaluza-Klein tower of 
heavy particles contribute. We compare it with a^^\s), which is the cross section in the 
dimensionally reduced model, i.e. when only the light particle contributes. From the 
discussion above it is clear that at low \ so in what follows we take 

s > Ami- 

The quantity which describes the deviation of the total cross section from that in the 
four-dimensional theory due to the contributions of the heavy particles is the following 
ratio: 

/sL? „„„„„„ \ a^^)(s) - a'^^Ms) , , 

/2f^;/x2L?,/x^L2,;x?L2;moLi,^j ^IGtt^ ^l^^^^^ ^ ■ (18) 



Using the expression for the 4-point Green function (p!7D, renormalized according to (P) 
and (H), we calculate the corresponding total cross sections and obtain that, to leading 
order (i.e. 1-loop order) in the coupling constant g, the function (|l^) is equal to 

^ ^^^1' "^0^1' ^) 

— XxmiLiK]^" |3?A/ (sL^, ■mQLi,w, e] — AI (filLl, moLi,w, e 



2 



/ duAI (uLl,moLi,w,e) — AI [^^L\,mQLi,w,e 



4mo J-(s-4m2) 
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Here we assume that 



2 2 2 ^ /I 2 



(19) 



(20) 



3 Calculation of the 1-loop contribution 

In this section we will analyze the 1-loop contribution of the heavy Kaluza-Klein modes. 
The starting point is the expression (|T^). More detailed, the relevant expression is 



dx ^'[nl + wnl + - h^x{l 





X) 



ni,n2=—oo 



which is related to AI by 

AI{p'^Lj, moLi, w, e) = z7r^~T(e)C(e; p'^Lf, mill, w) 



(21) 



(22) 



and w = (Li/L2)^ was already introduced before. A detailed knowledge of the behaviour 
of C(e; 6^, c^, w) as a function of 6^ around e = is necessary. Specifically for the calculation 
of the cross section and the function (^) we need an analytical expression of eq. (^Tj) for 
positive and negative 6^. For this two cases different techniques are needed and we will 
present the two calculations one after the other. 

Let us fix 6^ > and start with ({e; —b'^,c^,w). Then the effective mass term in 
eq. (^), which is now + b^x{l — x) is always greater than (we choose > 0). For 
that case it is very useful to perform re-summations, employing for t e 1R+, z G (D the 
identity [|l3 



exp{— tn^ + 27rinz} 



TT \ 2 



n — z) 



(23) 



which is due to Jacobi's relation between theta functions. Using this and an integral 
representation of the McDonald functions (for details see, for example, [§, |§]), one 
finds the representation 



Cie; -b\c\w) 



TT 



w e 



dx 



+ b^x{l - x) 



dx 



+ b^x(l - x) 



V V / t,n=— oo Q 



+ b^xil - x) 



TC 



/ 52\ 



+ Vx{l - x) [/^ + 



C^ + - -l + 0(6) 

w \ b I 



(24) 
(25) 
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The advantage of eq. ( p^ is, that it consists of different contributions with a completely 
different behaviour for large values of 6^. So it may be shown, that the contributions of 
the McDonald functions, even though there is a double sum, is negligable against the first 
terms due to the exponentially fall off of the McDonald functions for large argument. 
To obtain the cross section and the ratio ([T9|) we need the integral of the function 

my 

1 ; 

Sis] e) = - I du C(e; —uL\, a^, w). (26) 
s J 



Doing first the u-integration and continuing like in the calculation of eq. (p^ , a similar 
representation for S{s] e) can be found. We need only the first two terms of its Taylor 
expansion in e at e = 0. They read 

S{s-t) = 5(s;0) + eS'(s;e = 0) + O(e2), 

and 

V 

-cMnc^ + - lie' + sLlxil - x)r] + ^ / {-.L?x(l - x) (28) 

1 g I J 

+ [c2 + sLlx{l - x)] ln[c2 + sLjx{l - x)] - c^nc^} 

V (,n=— oo 

-[c^ + sL?x(l - x)]K2 {27i[c^ + sLjxil - x)]^f + wn"^] ^) } . 

It may be seen, that for finite values of s this expression is well defined. Apart from 
the contributions including the McDonald functions, all integrations are elementary [ p^ . 
However, the result is even longer than the one presented and we will not do so explicitly. 
Instead, let us only mention, that the leading behaviour for s — oo is 

S'(s cx); e = 0) = -^sLl (-— + HsLl)} + 0{sLl ln{sLl)) (29) 

Up to now, the presented results were derived for —6^, that is for < 0, especially 
useful for large b^. When one tries to use the presented techniques for ({e; iP'.c^, w) with 
6^ > 0, one directly encounters infinities. That there must be problems is seen in eq. (plj) , 
because the argument of the McDonald functions then lies on its cut. 

Thus we have to proceed in a different way which is to use the binomial expansion 
method. This method will yield suitable results for small values of 6^, valid independent of 
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its sign. The result is given as a power series in 6^, the radius of convergence is determined 
by the first mass in the Kaluza-Klein tower. Using this method we get 



b'^xil — x) 



C{t-h\c\w) = Jdx Y.'[nl + wnl + c^]-' 



g ni,n2=— OO 

oo 



- S^p^^^f^ + ^^l.");-- (30) 

where we introduced the Epstein-type zeta-function 

oo 

Z2 {iy;ui,U2) = ^'[uinl + U2nl + c^]'''. (31) 

ni ,712=— 00 

It can be shown that this function has the following properties: 

Zf{e;l,w) = -(^^ + l^+eZi{0;l,w) + O{e'), 
Zf{l + e-l,w) = -j=-^+PP Zf{l;l,w) + 0{e). (32) 



Using these formulas we obtain that the expression (^0|) reads 

C(e;6^c^^.) = C(0;6^c^») + 6C'(0;6^c^u.) + C'(e^) 

6 y 

+ e 



Zii0;l,w) + ^^PP Zf{l;l,w) 
o 



+ ^t^Zf (33) 

Expressions for Z'2 and the finite part PP Z2 are rather lengthy [Q. We need not to 
present them here explicitly, because for the calculation of our main objective R, eq. (|19D, 
contributions ~ and constant in p"^ cancel out as it was explained in Sect. 2. 

We observe that in the limit e — ^ (|33D coincides with (pSj). This ensures that after 
substituting eqs. (|^), (13)' (11) dH) i^^*^ (EH) terms singular in e cancel so that 
R is regular at e = 0. For this cancellation it is important that we choose the subtraction 
point to be on the mass shell, i.e. /x^ + /i^ + /i^ = ml, as it was discussed in Sect. 2. The 
finite part of (pJ| ) is calculated using eq. (|28| ) for the integral term and eq. (^) for the 
rest of the terms. 

As mentioned, the representation ( pUD is valid up to the first threshold. This is seen 
as follows. In eq. (p3D we need the behaviour for k 00. Without loss of generality let 
us assume w = {L1/L2Y > 1- In the considered limit the smallest summation indices are 
only important and we find 

zf{k-l,w)^rm{w)[l + ^]-\ (34) 
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where mi{w) is the multiphcity of the first heavy mode in accordance with eq. (^). The 
condition of convergence then reads 

J < 1 + (35) 

This means that for the first term in the r.h.s. of (|l^) the representation ( pO]) is vahd up 
to the threshold of the first heavy particle, i.e. up to s < 4M?^ g-^ = 4(mQ + l/Ll). Here 
we assume that the subtraction points are chosen to satisfy (pO|) , so that the terms in ([l9| ) 
evaluated at the subtraction points converge. 

In this calculation formally also any manifold of the kind x K, with K an arbitrary 
compact two-dimensional manifold may be dealt with. The only difference is that in the 
results ( P^ ) the Epstein-type zeta-function has to be replaced by the corresponding one 
of K. 

Of course the question arises, how one may obtain a similar representation for the cross 
section extended beyond the first threshold. One needs to find an analytical continuation 
of eq. (pUD, or more detailed for ('{0; 6^, c^, w), for values (|6^|/4) > 1 + c^. The behaviour 
of the sum near (|6^|/4) 
function 



Vl — arctan 



1 -|- c ) in eq. ( |33D is determined by the behaviour of the 

r{k)k\ 



X 



oo 



(2x 



near \x\ 



1 (cf. 



I))- 



Subtracting it from and adding it to eq. 



3D with 



6V[4(l + c2)], we get 



C'(0;6^c^ 



w 



E( 

k=2 



2mi(w 




Xk-l)\k\ 
{2k + l)\ 

VT- 



ik;l,w)b 



2k 



arctan 



X 



X 



+ £ {2k + l)\ 



'1 + c^Y 



x^ 



U2k 



(36) 



The advantage of this representation is apparent. The sum in eq. ( P^D is convergent up 
to the second threshold. The remaining terms contain explicitly the analytical behaviour 



of m&',c2 



w , 



at the first threshold 
= i arctan a;/ vl 



This is seen very well by means of the formula 
x^, which may be used in eq. (|36|) as well and provides 



ln(zx + Vl — x'^ 

the analytical continuation of (' in x"^ up to the second threshold. It is clear how to 
continue the procedure in order to obtain a representation in principle valid up to any 
given threshold. 

Using representation ( PU]) of the function S'{s; 0), see eq. (PU]), which is also impor- 
tant for the calculation of the ratio R, see eq. (p!9D, may be written in the form 



S'{s;0) = 2mi{w) 
{k 



1 + 



1 sLj 



+ £ {2k + l 



6 4(1 + c2) 
1)!A;! 



— mi{w)F 



Zl {k; 1, 



w 




2\2k 



(1 + C2)fc 



(37) 
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with 



F{z) 



'1 + z 



(38) 



The presented formulas (|36|) and ( 
of the ratio R in the next section. 



will appear to be quite effective for the calculation 



4 Numerical results for the scattering cross section 

Using representations (^) and (|33|) we write the ratio R as 

R (^^' ^^l^l^ ^^tLl■, rrioLuW^ = 

+^ {C'(0; sLl, mlLl w) - C'(0; /i^L^, m^L^, w) 

+ 2S'{s - Ami- 0) - C'(0; ^JilLl mill w) - C'(0; /i^L^, m^L^, ^i;)} , (39) 



where S' is given by eq. (^8|) or (|37| ) and C,' is given by (^3]) or (|3^) depending on the 
range of the energy of the colliding particles. 

For the numerical computation we take the zero mode particle to be much lighter than 
the first heavy mode and choose the subtraction points to be at the low energy interval. 
We take 

mlLl = lQ-\ /i^/m^ = 10-^ ^,l = ^^l = {Aml-^^l)/A. (40) 

By making such a choice of parameters we were motivated by the arguments in favour of 
the possibility of having the compactification scale to be of the order of the supersymmetry 
breaking scale, L^^ ~ Msusy (see discussion in the Introduction). Then the values ( |iO| ) 
could mimic a situation with, for example, rriQ = 100 GeV, = 10 TeV. 

Now, we assume that w = (Li/L2)^ > 1 and compute i? as a function of ^ = 
s/(4M(^-^ gj), where due to our choice of w we have M^i^) = ^/L\ + mg for the square 
of the mass of the first heavy mode. An approximate expression for the ratio with the 
parameter values moLl, /i^Ll, fi^Ll, ii^Lf is easily obtained to be 

R{z; w) = lzf{2; 1, w)z' + ^zf{3; 1, w)z' + 0{z') (41) 
9 105 



for < 2; < 1. Here we have supressed a part of the arguments of the function (p^Sf): 
R(z; w) = R{z] 0, 0, 0, 0, w). To have an expression for R valid at the first threshold and 
above up to the second threshold the formula (53) should be used. Then we get 



R{z;w) = mi{w) 



6 - 2a/ ^— ^ arctan J 2F{z) 



1 - z 

+ I (Zf (2; 1,^) - m,iw)) z' + ^ {zf{3; l,w) - m,{w)) z' + 0{z'). 



(42) 
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Plots of R for various values of w are presented in Fig. 1. Let us first consider the 
interval < z < 1, i.e. below the first threshold. Even in this range the deviation of the 
cross section of the theory on x from that of the four dimensional one, characterized 
by R, is quite noticeable. Thus, for example, for w = 1 we find R ~ 0.76 for z = 0.5 and 
-R ~ 0.17 for z = 0.25. We would like to mention that the case w = 1 was first studied in 
III]. The closer is the space of extra dimensions to the equilateral torus with w = 1 the 
stronger is the deviation of the cross section from the four dimensional one. This might 
be the most relevant case, because due to the high symmetry of this compactification the 
vacuum energy of the spacetime probably takes a minimum value (for example this result 
has been found for a scalar field living on a torus 0). 

From the first line in eq. (|42|) we see that for < 2; < 1 the behaviour of R is basically 
determined by the multiplicity mi{w) times some universal function of z. Since mi(l) = 4 
and mi{w > 1) = 2, this explains that the quotient R{z; 1)/R{z; w) ~ 2, as it can be seen 
from Fig. 1. The second line gives corrections depending on w. With increasing w these 
corrections are getting smaller and for values of w > 10 they are already negligable. On 
the contrary, for higher values of z, z > 1, they are getting more important and as is seen 
in Fig. 1 the observations true for < 2; < 1 are not true any more. This indicates that 
the contribution of the heavy modes to the total cross section of the (2 light particles) — > 
(2 light particles) scattering process grows with the centre of mass energy ^/s keeping the 
radii of the compactification fixed. 

The Fig. 2 shows the behaviour of i? as a function of the scale Li with ^/s being 
fixed. As implemented by our renormalization condition, eq. (§), (P), for small Li we 
have i? — >■ 0. Here we see once more, as already mentioned, that for bigger centre of mass 
energy the influence of the heavy modes is increasing. The setting described in Fig. 2 
would be more appropriate for making possible predictions in high energy experiments 
at modern colliders (of course in more realistic models). So, in case a{s) is measured 
experimentally and a value of R = (cr(s) — a (°)(s))/a(°)(s) ^ is found. Fig. 2 could be 
used to obtain bounds on the size Li of extra dimensions. 

We see that there is a noticeable deviation of the cross section a^^^ of the complete 
theory from the cross section a^^^ of the four-dimensional model, characterized by the 
function R, due to the presence of the heavy Kaluza-Klein modes. The maximal "ampli- 
tude" of this deviation below or at the threshold of the first heavy particle is basically 
determined by the multiplicity of this mode. Another physical situation illustrating this 
property is considered in the next section. 

5 Amplification of the cross section by constant abe- 
lian gauge field 

In generalization of the model described by the action (|^), let us now consider the abelian 
scalar gauge theory on x T^. We will be interested in the case when the only non- 
zero components of the abelian gauge potential are those of the extra dimensions and, 
moreover, here we will consider them as classical external fields. With these assumptions 
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the action of the theory we are going to study is 



S = d'^xd^y 

JE 



1 d(f){x,y) . 

2 ^ dxt" ' 



+ 2 



— -Ai] {x, y) 



-Knl(p^{x,y) - 



(43) 



with periodic boundary conditions for 0(a;, y) in the toroidal directions, 0(x'^, y^ + 2TiLi 
0(x^, y*), as before. For some previous studies of gauge theories on the torus see 



The model has some properties in common with theories with the abelian gauge field at 
finite temperature T (see, for example, for rewiews and references therein). Thus, 

in such theories the gauge potential component Aq along the compact Euclidean time 
direction becomes an angular variable in the effective action, i.e. locally — tt < Aq/T <tt. 
In our model, as we will see shortly, the function R is periodic in the variables AjLj, 
{i = 1,2). Also, in our model, similar to the theories at finite T ||2^, due to the fact 
that is a multiply-connected space, the Aj's cannot be gauged away and are physical 
parameters of the model. This is similar to the appearence of non-integrable phases of 
Wilson line integrals as physical degrees of freedom in non-abelian gauge theories on 
multiply-connected spaces [^, p^ . 

Our intention here is to study the change of the function R due to the change of 
the spectrum of the heavy masses, namely the values of M(^ni,n2) and their multiplicities, 
produced by the gauge potential. The ideal configuration to use for this is A^ = (this 
choice is already done in eq. (^)) and Ai =const. This is the approximation of the 
same type which is usually used for studies in the theories at non-zero T. A more general 
configuration for the abelian gauge potential on x would lead to the model with 
the abelian gauge field, massive vector fields and additional massive scalar fields on M"^, 
which is beyond the scope of our investigation. 

Substituting the Fourier expansion (^ into the action (|43|) and integrating over the 
toroidal components we obtain the model with the action (Q) but now the masses of the 
fields depend on the gauge field components and are given by 



(a) =ml + 



{ni - aiY (n2 - 02) 



LI 



+ 



-^2 



(44) 



where = AiLi, i = 1,2. Notice that now the mass of the zero mode, given by 



af On 



^(o,o)(«) =^^0 + 7^ + 



t2 ' r2' 
-^1 ^2 



(45) 



also receives a contribution from the gauge field components. This makes the separation 
into the light masses and the heavy ones rather problematic. We will return to this issue 
shortly. 

We calculate then the cross section of the scattering of two zero modes. Imposing the 
same renormahzation conditions as eqs. (||), (H) and repeating all steps of the calculations 
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of Sects. 2 and 3 we obtain the following analogous expression for the total cross section: 



9' 



lim(LK 



,2e 



X 



327r^i 



AI (^jj,lL'^,moL,ai;e 



(46) 



4mQ 



-(s— 4mQ) 

-A/ (/i^L^, moL, ai 



duAI (uL^, moL, af, e 



AI (^^^L^,mQL,ai;ej} 



where Kq is defined by eq. (|TTD and AI is given by eq. (|l^) with being replaced by 
(^). Here we restrict ourselves to the case of the equilateral torus with Li = L2 = L, 
so we supressed the dependence on w and instead indicated explicitly the dependence on 
the gauge field parameters a^. The analog of the function (|21| ) is 



. 00 

C^(e; b\ c^) = J dx Y.' [(^1 - + (^2 - a^f + c^ + b\{l - x) 
" 

The total cross section 



?ii,n2 = 



(^) includes summation over all modes and is periodic in 0^: 

'^^^{s,ai + ki,a2 + k2) = a^'^\s,ai,a2), (47) 



where ki and ^2 are integers. Also the effective potential of Ai in abelian and non-abelian 
gauge theories possesses the same periodicity and reaches its minima (in our notation) 
at ttj = Hi ^ (see also |^ 0)- For further investigation we suppose that we 
consider the sector with < a,- < 1 (i = 1,2). Moreover, one can check that 



a(°°)(s, ai, 1 - 02) = a^^\s, 1 - a^, 02) 



a^°°\s,ai,a2) 



so that symmetric with respect to the = 1/2. Thus it is enough to consider the 

interval of values 

0<ai< 1/2, z = 1, 2. (48) 

Let us mention that the special values ai = 02 = 0, ai = a2 = 1/2 and ai = 0, 02 = 1/2 
represent respectively the periodic (the case considered in Sects. 2 and 3), antiperiodic 
(or twisted) and mixed (i.e. periodic in one toroidal direction and antiperiodic in another) 
boundary conditions for the scalar field in the absence of abelian gauge fields. 

Now, let us return to the issue of the light mode. For the Oj to belong to the interval 
(^) the gauge components Ai must be of the order of L~^, and thus there will be terms 
of the order of in eq. (^). However, as soon as < 1/2, M(o,o) remains to be the 
lowest mass in the spectrum. This is also seen in Fig. 3, where we show the spectrum of 
the states with a few lowest quantum numbers = (ni, n2) as a function of a = ai = 02. 
We consider here the interval < a < 1 in order to make apparent the symmetry of 0"*^°°-' 
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described in eq. P7|). Restricting the values of to the interval (|i8|), we take the zero 
mode 0(0,0) to be the lightest one. This is the mode whose contribution is subtracted 
to obtain R, eq. (|18|). The sector of this mode appears in the zero energy limit of the 
complete multidimensional theory. Indeed, the difference between the zero mode mass 
and the next mass in the spectrum is given by 

^(lo) - ^(0,0) = oo 

as L — > for a < 1/2. One also could think of itLq being adjusted such that M^q q^L"^ <^ 1. 

For numerical computations we take ai = 02 = a. The behaviour of i? as a function of 
z = s/ {4:M^^ Q-)(a = 0) in the interval < 2; < 1 for various values of a is plotted in Fig. 4. 
It is described by the formula 

Riz; a) = -Zi{2- a)z^ + T^^f (3; a)z^ + 0{z'), (49) 
9 105 

(cf. (|T|)) valid for z < Mf^ (,)(«) /Mf^ g) (a = 0). Here 

00 

Zf{u; a)= '[K - + (^2 - af + cX" (50) 

n\,n2=—oo 

and we supressed the dependence of i? on and instead indicated explicitly its dependence 
on the parameter a. Again we see that the behaviour of the deviation i? as a function of 
the parameter s/(4M(i o)(a) (which is not the same as z !) is determined mainly by the 
multiplicity mi (a) of the first heavy mass M(i o)(a) which is now the function of a. From 
Fig. 3 one sees that mi(0) = 4, mi (a) = 2 for < a < 0.5 and mi (0.5) = 3. 

Let us consider the interval < 2; < 1/2. The curves in Fig. 4 show that the function 
R{z] a) for fixed z grows with a due to the increase of the coefficient (4/9)^2 (2; a) of the 
first term in eq. (^) with a. This can be understood as the result of the two competing 
effects: the growth due to the approach of the first heavy threshold and the decrease due 
to decrease of mi (a) when a departs from zero. The first effect wins in this competition. 
In addition mi (a) increases when a approaches the value 0.5. As the result, for example, 
/?(0.25; 0.5)/i?(0.25; 0) ^ 2.6 and i?(0.5; 0.5)/i?(0.5; 0) ^ 5.9. This increase is seen clearer 
in Fig. 5. 



6 Conclusions 

In continuation of the investigation carried out in |1], |^ in this article we considered the 
A</)^-theory on the space-time x T^. We studied the scattering of two light particles 
in this model and calculated the function R which characterizes the deviation of the total 
cross section of this process from the cross section of the same one but in the A</)^-model on 
M^. The deviation is due to the one-loop contributions of the heavy Kaluza-Klein modes, 
which appear because of the multidimensional nature of the theory. For the centre of 
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mass energy ^/s of the colliding particles below the threshold of the first heavy particle 
the deviation grows with s and is already quite noticeable for s > 0. 25 x (energy of the 
first threshold). 

The behaviour of the function R below the first threshold is given with a good accuracy 



by the leading terms in the expansions (^) or (PO]). Our results can be easily generalized to 
an arbitrary two-dimensional compact manifold K of extra dimensions, then the formula 
for R takes the form: 

R^^a2\K)isLr. (51) 

Here L is a scale such that the eigenvalues of the Laplace operator are given by Xn/L'^ 
and ({s\K) is the zeta- function of this operator: 



as\K) = E 



JV 



where mxj^ is the multiplicity of the eigenvalue Xn- (Compare this with eqs. (|3TD and 
(^).) This formula was first obtained in ref. |^ for the case of the sphere K = S^. 
The representation (^) tells that the behaviour of R below the first threshold is mainly 
determined by its position and the multiplicity of the first heavy mass, which in their 
turn are determined by the geometry of K. We demonstrated this in more detail in the 
case of the non-equilateral torus and for the model with the abelian gauge potential. 

In the latter case we also have shown that for "low" energies of the scattering particles, 
namely for sL"^ < 2(1 + mQL^) ^ 2, the function R grows significantly (from 3 to 6 times) 
when the angular variable a = AiL, characterizing the gauge potential, runs through the 
half-interval of periodicity, which ranges from to 0.5. Again the effect can be understood 
from the formula (|5l|) : the interaction of the scalar field with the classical constant (also 
slow varying on M"^) gauge potential produces the change of the spectrum (masses and 
their multiplicities) of the particles of the Kaluza-Klein tower, which in its turn leads to 
the growth of ({2\K) with a. 

We would like to mention that this effect of amplification of the cross section might 
be relevant for the cosmology of the Early Universe. Of course for K = T^, though 
constant potential Ai satisfies the equations of motion, such solution is not of much 
physical interest, as is known. However, it seems that the effect of amplification might 
take place in the case of more interesting gauge models with the spaces of extra dimensions 
with non-zero curvature. There the growth of the cross section due to the presence of 



non-trivial gauge configurations, assuring spontaneous compactification |T^, [T^, might 
give rise to interesting consequences. 

A few more remarks are in order here. There is a certain relation between the effective 
potential of the constant gauge configuration A^ on (|2^, see also |2^, ^) and the 
scattering of light scalar particles in this background, characterized by the deviation R. 
The effective potential has its minima at Ai = rii/L. In the sector < a < 0.5, where 
we calculated i?, the minimum of the effective potential is reached dX Ai = A2 = Q for 
which the value of R is minimal for a given energy a/s < 2M(i^o) and the first heavy mass 
M(i 0) is maximal. Opposite to this, scattering of light scalar particles in the background 
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with a = 0.5, corresponding to a maximum of the effective potential, is characterized by 
the maximal value of the deviation R at low energies. It would be interesting to gain 
deeper understanding of this relation. Other interesting physical effects in abelian and 
non-abelian gauge theories with all or a part of the space-time dimensions compactified 
to the torus (like confinement, crossover and phase transitions, breaking of the gauge 



symmetry, etc.) were studied in a number of papers ||TT|, ||19||-[p^. 

The model considered here is not a realistic one. Our aim was to demonstrate the 
existence of the effect due to extra dimensions in the behaviour of the total cross section 
of the particles of the low energy sector of the theory, which is the A0^-model in four 
dimensions in our case, and to study some characteristic features of this effect. The 
function analogous to R calculated in a realistic extention of the Standard Model is to be 
compared with experiment at future colliders. This could give an evidence of existence 
of the Kaluza-Klein states or, by using plots like in Fig. 2, provide upper limits on the 
compactification scale L. We should note that calculations of some processes for a certain 



class of superstring models were carried out in [10 
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Figure captions 

Fig. 1 Plots of the ratio i?, eq. (|18D, as a function of 2; = s/(4M(^]^ q-,), where M^^^^ q-, = 
ttiq + 1/Ll, for various values of w = {L1/L2Y in the interval < z < 1. 

Fig. 2 Plots of -R as a function of x = l/(Lmo) for the fixed energy given by r = s/m^ = 
80 and r = 400. The case of the equilateral torus. 

Fig. 3 The spectrum (^) of the masses of the states with lowest quantum numbers 
N = (ni,n2) as functions of a = ai = 02, where = AiL, i = 1,2. H{N) = 
Ml{a) -ml = (ni - af + (^2 - af. 

Fig. 4 Plots of the ratio R for the A0^-model with abelian gauge field as a function of 
z = s/[4M(i^o)('^ = 0)] for various values of a = ai = 02. Here Li = L2 = L. 

Fig. 5 Plots of i? as a function of a = ai = a2 for fixed values of z = s/{AM^^ Q)(a = 0)). 
L = Li = L2. 
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